With the aid of a dual equivalence class model extended to consider an order relation, a new decision strategy for the determination of an optimum set of residential land and property ownership prices in the Federal Republic of Germany is explained in terms of examples. This results in an adjusted data / point set -beginning with initially non-ordered as-built properties of an urban building conflict situation. This mathematical set-valued approach reveals a "dual" socio-economy.
Introduction
Undeveloped land plots are considered ready for building when they are specified in a development plan as residential land and immediate building is possible. The residential land prices for a particular zone are calculated as the sum of the purchase value divided by the converted space which is ready for building (publicly registered land values). The mean residential land price in a region serves as an indication for the developments in the local real estate market. However, residential land prices depend strongly on the demand for the location and quality of the respective land plots (see Küpper [6] ). In order to determine the current price per square meter of a land plot, one utilizes publicly registered land values and the prevailing square meter prices on the market for comparable land plots as well as individual factors, such as orientation, profile and development potential.
The property ownership price is the price per square meter living space in a certain region or location. As a rule, this refers to the current square meter price, i.e. the price currently prevailing on the market. The prices per square vary from one city to another. For an owner-occupied flat, the year built, size, features and story on which the flat is located are the most important factors influencing the level of the square meter price which can be asked.
Neukel [12] investigates the influences of emissions on urban building conflict situations using set-valued order relations with non-ordered as-built properties and their effects on the local land plot market. The Federal Association of German Realtors (IVD) [5] analyses individual data from the German real estate market separately and names the "best" result. In the mathematical optimization the term "minimizer" is equivalent to this (see Neukel [11] and [12] ). In an example for the determination of publicly registered land values Neukel [10] makes also utilizes an interval-valued duality and regression, with the result of an optimum, demonstrating the linking of an interval-valued and a set-valued approach. Nytsch-Geusen, Kaul, Wehage and Färber [14] systematically analyze urban quarters on the basis of energy efficiency. Nadler [9] constructs planning instruments and forms of participation for the development of European real estate.
In this paper, for the first time a dual equivalence class model is applied to the socio-economy of the German real estate market. The use of set-valued optimization and weak duality yields an adjusted optimal point set as a new result for the representation of freely chosen as-built properties. This approach makes use of a set-valued order relation. The resulting conclusion shows: with the application of a selective order relation describing a conflict situation (equivalence class model) that the results can be derived abductively from a single case.
This paper is structured as follows: Section 2 extends the duality model of Hernández and Rodríguez-Marín [4] by the u-type less order relation in the area of set optimization. This achieves a weak duality and the solution of both a primal and a dual problem with the concept of an equivalence class. In Section 3 this duality model is allocated socio-economically to the urban building conflict situation, resulting in new decision processes for residential land and property ownership prices.
A Dual Equivalence Class Model
Let us begin with the concept of the usual order relation in the context of set optimization. Definition 2.1 Let  be an arbitrary non-empty set with a binary relationship  and , , , A B C D ∈ be arbitrarily chosen. This binary relationship  is  is defined as follows:
The order relation s  was independently introduced by Young [16] in the algebra and by Nishnianidze [12] in the fixed point theory. Chiriaev and Walster [1] use this order relation in interval arithmetic and SUN Microsystems [15] implements this concept in the f95 FORTRAN compiler. Kuroiwa, Tanaka and Ha [8] describe the setless order relation for the first time as a natural criterion.
Definition 2.4
Let  be a non-empty set with a preorder ≤ and A ∈  .
(a) A is a minimal element von  when
For simplicity, in this paper abbreviations for the set of minimal and maximal elements of  are used:
For the arbitrarily chosen sets
with Y as a real linear space and Y C Y ⊂ as a convex cone the following properties apply:
(c) and
In this section Y and Z are real topological linear vector spaces and S is a non-empty set. 
The minimization problem has the form:
with the constraints 0
We thus consider the access set with the order relation l  in Definition 2.1, (c).
as a family of all image sets a minimality concept then follows (see Kuroiwa [7] ):
x S ∈ represents a minimal solution of ( )
be the set of all continuous linear set-valued mappings of Z to Y and
, 
and the dual mapping ( )
Here it is assumed that ( )
The dual problem for ( ) The following properties apply:
Corresponding to the minimality concept in this section, the following maximality concept applies:
(b) a dual pair of minimal and maximal solutions in relation to ( )
x y is a feasible pair of ( ) 1 D , x is a minimal solution of ( )
The second condition of Definition 2.5, (a) requires Lemma 2.8 for the weak duality. Relative to ( ) 1 P a duality theorem and duality relationships between the primal and the dual problem will now be introduced. On the basis of Definition 2.5, (a) the following lemma possesses powerful prerequisites for a set-valued application.
Lemma 2.8 (weak duality for (P 1) and (D 1)) Let x S
∈ and let ( ) ', x y be a feasible pair of ( )
On the basis of this assumption, Definition 2.5 and the property of u  :
and
, it follows from property (c) in this section that
Therefore, according to our assumption (
With (2.1) and (2.3) ( ) (
With Definition 2.5, (a) (feasibility): ( ) ( ) ( )
With (2.4) we obtain the result ( ) (
and with the equivalence property relative to u  (see example in this section): 
x y is an allowed pair of ( )
x is then a minimal solution of ( )
y is a maximal solution of ( )
Assume the existence of an allowed point ' ,
. With assumption (b) it then follows that:
, x y is an allowed pair of ( )
and, in consideration of Lemma 2.8 (weak duality),
From (2.6), assumption (b) and the definition of equivalence class for the upper order relation, we then obtain ( ) ( )
x is therefore a minimal solution of
Definition 2.5, (a) for the allowed pair shows that
From this it follows that 1 y is a maximal solution of ( )
it then follows with (2.7) and assumption (b) that ( ) ( ) ( )
and with Lemma 2.8 for the weak duality ( ) ( ) ( )
Corollary 2.9 is already a type of strong duality theorem, because it allows the solvability of both the primal and the dual problem.
In order to apply the equivalence class theory model described for u  , in this 
Economic Interpretation of a Dual Equivalence Class Model
The set-valued duality of Section 2 possesses the potential to optimally describe the relationships between urban building functions and residential land and property ownership prices in an urban conflict situation. The duality criteria to which the optimality is oriented can differ. The problem consists in having to take the optimality criteria and order relations in urban building structure planning, which in the ideal case complement each other, into consideration. With the help of a duality approach for urban building structure planning conflicts, optimal prices for residential land and property ownership can be achieved in the Federal Republic of Germany. Complex conflict situations require subdivision into individual "zones" with selective dual properties and order relationships. The functional structure of cities changes continuously. Restrictions are affected by permanent changes, so that the duality and order relations offer a possible solution approach for urban structural optimization. An exact demarcation between urban building, sociological, economic and housing policy aspects in a conflict situation, described by a duality and regression model, is not possible here. All parameters enter into the calculations (see Neukel [10] ).
In this section the duality model of Section 2 will be investigated in detail in relation to optimal residential land and property ownership in the Federal Republic of Germany will be examined in order to substantiate the approach described.
The region of the Federal Republic of Germany investigated in this paper comprises the "Southern Region" (19 major cities in the western federal states south of the line Coblenz -Fulda, including Coblenz: see German Urban Real Estate Market [2] ). With the order relations of Section 2, this therefore represents a new interpretation of a conflict situation on the basis of geographical and structural aspects. The investigation of developments and prices on the submarket is compared and analyzed on a dual basis.
For the comparison of the price level between the cities, information about the residential land and property ownership prices in the respective average residential area serves as representative. The selected land plot types are to be seen as typical of uniform parameters throughout the Federal Republic of Germany. All following mean prices are without service connection charges and other fees. Semi-detached houses or end units can be built on the land plots of the different housing constructions investigated. The area of the land plot is defines as between 250 and 500 m² (see German Urban Real Estate Market [2] .
In the following example, a result relating to u  is substantiated on the basis of Lemma 2.8.
Process concept 3.1:
Data: Typical residential land prices, mean total semi-detached house or end unit purchase price, individual architecture and new real estate objects, €/m², according to the German Urban Real Estate Market [2] . 
Example 3.2:
As Ha and Jahn [3] consider the minimal and maximal elements for selected order relations, in the following the optimal conflict situations for residential land and property ownership prices is generated -contrary to the following data of the German Urban Real Estate Market [2] . Minimal and maximal outlier data lying outside the standard deviation from the mean value are eliminated, as overly positive and negative data values (red areas) have no direct influence on the conflict situation (see Neukel [11] for other data sets). 
We can proceed analogously with Kaiserslautern, Coblenz and Ludwigshafen for the duality model of Hernández and Rodríguez-Marín [4] , which makes use of the lower order relation l  .
Overall, this shows the dual structure between the two data sets and in this case confirms the use of the standard deviation from the mean value.
Résumé and outlook
The significance of a conflict situation in the context of urban building and the necessity to consider differentiation in urban planning can be characterized on the basis of the dual equivalence class model described with a specially chosen order relation. However, the prioritization is always entirely different. The personal interests of the parties concerned are also recognizable in the interpretation of an existing conflict situation.
In this paper maximal elements referring to an equivalence class are examined for the u-type less order relation. This leads to a set-valued duality model and represents an extension of the structure of Hernández and Rodríguez-Marín [4] . This is explained here as an example of a decision strategy for the determination of an optimal set of residential land and property ownership prices in the Federal Republic of Germany. The application of this duality requires the existence of an adjusted data set. This paper once again refutes the currently common practice of public administrations in Germany of determining residential land and property ownership prices in specified regional zones (conflict situations with socio-economic influences) in the sense of a deduction (see Neukel [10] for evaluations of publicly registered land values in publicly registered land value zones). On the contrary, the examination of a weak duality in consideration of a set-values order relation is shown to be correct here in order to extract a result as Extension of a dual equivalence class model and...
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an equivalence class in the reduction path. Together, this confirms the approach using an adjusted optimal data set (point set).
